Using the fermionic basis we conjecture exact expressions for diagonal finite volume matrix elements of exponential operators and their descendants in the sinh-Gordon theory. Our expressions sum up the LeClair-Mussardo type infinite series generalized by Pozsgay for excited state expectation values. We checked our formulae against the Liouville three-point functions for small, while against Pozsgay's expansion for large volumes and found complete agreement.
Introduction
Integrable models are ideal testing grounds of various methods and ideas in quantum field theories. The simplest interacting model of this type is the sinh-Gordon theory, which has a single particle type and the full finite volume energy spectrum can be calculated from the scattering phase of these particles. There is a hope that similar exact results can be obtained also for finite volume matrix elements.
The finite volume matrix elements of local operators are essentially the building blocks of finite volume correlations functions, which are relevant in statistical and solid state systems [1, 2] . Their non-local counterparts can be used in the AdS/CFT correspondence to describe three-point functions in the gauge theory and the string field theory vertex in string theory [3, 4, 5, 6, 7] . Diagonal matrix elements play a special role there, as they describe the HHL type correlation functions [8, 9, 10, 11, 12] .
There were two alternative approaches for the calculation of finite volume matrix elements. For generic operators and theories one can try to use the infinite volume form factors [13, 14] and the scattering matrix [15] to develop a systematic large volume expansion. Polynomial volume corrections originate from momentum quantization [16] , while exponentially small finite size corrections from the presence of virtual particles [17] . The LeClair-Mussardo formula [18] provides an infinite series for the exact finite volume one-point function, where each term contains the contribution of a given number of virtual particles in terms of their infinite volume connected form factors and a weight function, which is related to the Thermodynamic Bethe ansatz (TBA) densities of these particles [19] . This formula was then generalized by analytical continuation for diagonal matrix elements, which replaces the ground-state TBA densities with the excited state ones and contains additional factors, which can be interpreted as partial density of states [20, 21] .
Alternatively, there is an other approach which focuses on specific theories and exploits their hidden (Grassmann) structure to provide compact expressions for finite volume matrix elements [22] . These specific continuum models arise as limits of integrable lattice models and the most studied examples are the sinh-Gordon and sine-Gordon models. There have been active work and relevant progress in deriving finite volume one-point functions for the exponential operators and their descendants in these theories [23, 24] . These results were then extended for diagonal matrix elements in the sine-Gordon theory [25, 26, 27] and the aim of our paper is to provide similar expressions in the sinh-Gordon theory.
The paper is organized as follows: Section 2 reviews the description of the finite size energy spectrum of the sinh-Gordon theory. A multi-particle state for large volumes can be labelled by momentum quantum numbers, which we relate at small volume to the spectrum of the Liouville conformal field theory by matching the eigenvalues of the conserved charges. In Section 3 we formulate our main conjecture for the finite volume exceptions values in the fermionic basis. The novelty compared to the vacuum expectation values is the discrete part of the convolutions, which carries information on the particles' rapidities. We check this conjecture for large volumes in Section 4. The discrete part of the convolution contains the polynomial, while the continuous part the exponentially small corrections in the volume. In Section 5 we compare our conjecture with Liouville three-point functions for low lying states including non-degenerate and degenerate L 0 subspaces. All the checks performed confirm our conjecture, thus we close the paper with conclusions in Section 6.
Energy spectrum
In this section we summarize the exact description of the finite volume energy spectrum together with its large and small volume formulations [28] .
The sinh-Gordon theory is defined by the Lagrangian:
In the literature there is an abundance of notations for the parameters of this model. We decided to follow the paper [29] by introducing the background charge of the related Liouville model and the renormalized coupling constant as
The sinh-Gordon model is the simplest integrable interacting two dimensional quantum field theory. It has one single particle of mass m with the corresponding two particle scattering matrix
The finite size energy spectrum, in a volume R, can be formulated in terms of the Q function, which satisfies the following functional relations:
where we introduced the TBA pseudo-energy ǫ. Excited states can be labeled by the zeros of Q as: {θ 1 , . . . , θ N }. With the prescribed large θ asymptotics, log Q(θ) ≃ − r 2 cosh θ sin πp there is a unique solution
Here r = mR is the dimensionless volume. Thanks to the functional relation ǫ(θ) can be fixed from the following TBA equation
where the kernel is related to the scattering matrix as
.
The finite size spectrum can be characterized by a set of integers {N k }, denoted by N , via the zeros of the Q function, written equivalently as
where
coincides at the positions θ k with the analytical continuation of −iǫ(θ + iπ/2) (with certain choice of the branches of logarithms). Here we use −S(θ − θ k ) under arg for computational convenience (notice that −S(0) = 1). These equations are called the Bethe Ansatz (BA) equations and can be interpreted as the momentum quantization equations of the particles with rapidity θ k . The energy of the multi-particle state with rapidities {θ 1 , . . . , θ N } can be written as
Large volume expansion
Since in the large volume limit the TBA pseudo-energy behaves as ǫ = r cosh θ + O(1) the integral terms are of order O(e −r ) and can be neglected. This results in the large volume limit of the BA equations
Let us assume that rapidities are labeled such that {θ 1 > θ 2 > · · · > θ m }. We recall that in [28] it was proven that for any given set of integers {n 1 , . . . , n m } the equations
have a unique solution 1 . The idea of the proof was to introduce P (θ) =´θ 0 arg(S(v))dv and to show that the rapidities {θ j } minimize the positive definite Yang-Yang functional
In order to compare eq. (2.4) to eq. (2.5) we recall that for positive arguments
This leads to the following relation between the quantum numbers {N j } and {n j }:
In particular, the state labelled by {0, . . . , 0} in eq. (2.5) will be mapped to {−M + 1, −M + 3, . . . , M − 3, M − 1}, with all quantum numbers being distinct. This also shows that states with even number of particles are labelled by odd quantum numbers, while states with odd number of particles with even quantum numbers in N . Once the equations (2.4) are solved for the rapidities the large volume energy is
In the following we analyze the small volume limit of the energies.
Small volume limit
In the small volume limit we compare the energy eigenvalues with the spectrum of the Liouville theory [30] . In this description the sinh-Gordon theory is understood as the perturbation of the Liouville theory with the operator e −bϕ :
There are infinitely many conserved charges and the energy is related to the first two as E = − π 12R (I 1 + I 1 ), where
The Liouville theory is a conformal field theory with a continuous spectrum. Its Hilbert space is built up from the non-compact zero mode and the oscillators. The zero mode determines the dimension of the primary fields, while the oscillators create descendants. Once the perturbation is introduced the spectrum of primary fields can be approximated by the quantization of the zero mode [30] :
with L = 1, 2, . . . . Here and later we use the mass scale
The eigenvalues of the conserved charges in the CFT can be written as
where M, M are levels of descendants for the two chiralities. By comparing the energies in the TBA and the perturbed Liouville descriptions we can relate the quantum numbers N to {L, M,M}.
To give an example, we claim that N = {−2, 0, 2} corresponds to the primary field with L = 4. Indeed, by numerically solving the TBA and BA equations (2.1,2.2) on the one hand and the zero mode quantization (2.6) on the other we found for r = .001 the ratios:
In this way we obtain the following correspondence, which we present both at the language of N and that of {n j } with n j = (N j + M + 1)/2 − j:
Clearly in the parametrization {n j } the number of zeros is L − 1, while the sum of positive/negative numbers is M/M , in agreement with [28] . Starting from M = 2 the spectrum of L 0 is degenerate. The degeneracy can be lifted using the second integral of motion as we demonstrate in Section 5.2. We will use all these states later to compare our form factor conjecture to the Liouville three-point functions in the small volume limit.
Finite volume expectation values
In the following we provide formulas for the expectation values
where |θ m , . . . , θ 1 R is a normalized finite volume energy eigenstate (2.3) and O is a local operator. Expectation values of local operators obtained by commuting with a conserved charge, [I n , O], vanish, thus we consider only the quotient space, where these operators are factored out. Local operators in massive perturbed conformal field theories are in one-to-one correspondence with the states of the conformal Hilbert space of the unperturbed model. The sinh-Gordon theory can be considered either as the perturbation of the free massless boson with cosh(bϕ) or as the perturbation of the Liouville theory with the operator e −bϕ . Local operators are the exponentials Φ α = e Qα 2 ϕ (0) together with their descendants O α , which can be generated in two different ways [31, 23, 24] . If the modes of the free massless boson are used the operators are called Heisenberg descendants and the expectation values of the corresponding operators in the quotient space have the σ 1 : α → −α symmetry. In the perturbed Liouville scheme Virasoro descendants are generated by the Virasoro modes and the expectation values have the symmetry σ 2 : α → 2 − α. Relating these two descriptions should provide a basis of the CFT adapted to the integrable perturbation. Direct attempt to find such a basis failed for level higher than 2 because it requires solving a rather complicated Riemann-Hilbert problem. The solution came from a rather distant study of lattice integrable models which lead to the discovery of the fermionic basis. The latter provides in the scaling limit the fermionic basis for the sine-Gordon model [32, 22] . As has been shown in [23] this fermionic basis brings the Riemann-Hilbert problem in question to the diagonal form.
Fermionic basis
The definition of the fermionic basis in the CFT case can be considered as a purely algebraic one, that is why it is equally suitable for the sinh-Gordon case. Analytical advantage of using the fermionic basis in the sine-Gordon model is due to the fact that the expectation values of the elements of the fermionic basis are expressed as determinants. We do not know how to prove similar fact for the sinh-Gordon case, so, like in [24] we shall formulate it as a conjecture and then perform numerous checks.
The fermionic basis is created by the anti-commutative operators β * , γ * (andβ * ,γ * for the other chirality). They can be used to generate the quotient space as
with all modes being odd and positive. Later we shall have these operators for negative indices. By definition they are related to annihilation operators β * −j = γ j , γ * −j = β j (together with similar relations for the other chirality) such that their anti-commutator is
The relation between the fermionic basis and the Heisenberg or Virasoro basis is a very complicated problem and requires a case by case study. Later we shall have examples.
What is particularly nice about the fermionic basis is that the finite volume expectation values take a very simple determinant form. Indeed, the main result of our paper is a conjecture of the form
where for the index sets A = {a 1 , . . . , a n } and B = {b 1 , . . . , b n } the determinant is
The construction of the matrix ||ω m,n || is explained in the next section.
The matrix ω m,n
The matrix ω m,n is built via a deformation of a linear operator involved in the linearization of the TBA equations. We start by explaining this linearization. Consider the variation of the TBA equations (2.1),(2.2) with respect to r. The functions ǫ(θ) and f (θ) depend actually on θ and r, while the points of the discrete spectrum θ k depends on r. We have
where we used that
following from (2.2).
Consider functions on discrete and continuous spectra G = {g 1 , · · · , g k , g(θ)}. Motivated by (3.1) we introduce paring for two such functions
By using this convolution the matrix element ω n,m entering in our conjecture can be written as
where e n = {e n(θ1+ πi 2 ) , . . . , e n(θm+ πi 2 ) , e nθ } and K α has a matrix structure
reflecting the fact that the convolution has a discrete and the continuous part. Here K α is the deformation of the TBA kernel
Similar determinant expression to ours was proposed and tested for vacuum expectation values in [24] . Our formulae are the extensions of VEVs for excited states and the novel complication is the discrete part of the convolutions. In the next section we explain how to work with these expressions.
There was a nice observation in [22] that one might relax the condition that the number of β * and γ * are the same, but in the same time maintain the determinant form. By this way operators with different sectors can be connected as
where {m} = 1, 3, . . . , 2m − 1 and C m (α) is the ratio of the infinite volume vacuum expectation values [31] :
The simplest of these relations is
This relation is understood in the weak sense, i.e. for matrix elements. In the next section we take diagonal matrix elements of this relation and compare its large volume expansion with Pozsgay's result [20] .
Large volume checks
In this section we make some IR checks of our formulae for the diagonal finite volume matrix elements, which we normalize as
Reflection properties with σ 1 and σ 2 ensure the invariance under the α → α+2 shift. The finite volume state |θ m , . . . , θ 1 R is symmetric in the rapidity variables, which satisfy the BA equations f (θ k ) = πN k . These states can be labelled either by the discrete quantum numbers N k or by the rapidities θ k and are naturally normalized to Kronecker delta functions. In the following we investigate the simplest non-trivial example
where e n is related to e nθ . For each function g we have a discrete and a continues part: (g 1 , . . . , g m , g(θ)) with g j = g(θ j + i π 2 ) and the convolution is understood as in (3.2). We would like to compare these formulae with the available results in literature which we recall now.
Form factor expansion of the diagonal finite volume matrix elements
A finite volume diagonal form factor can be expressed in terms of the infinite volume connected form factors, which are defined to be the finite (ǫ-independent) part in the crossed expression
These connected form factors have interesting properties [21] . For the exponential operators, normalized by the VEV's, Φ α / Φ α ∞ , the first two connected form factors read as [18, 24] :
The six particle connected form factor would fill a half page and there is no closed form available for the general case. In principle such expressions could be obtained from the determinant representation of form factors [33] using the limiting behavior of the symmetric polynomials [21] . But this procedure is quite cumbersome and the results do not seem to have any nice structure, thus we restrict our investigations for these first two form factors only. The exact formula for the finite volume diagonal matrix elements was conjectured in [20] based on carefully evaluating the contour deformation trick in the LM formula for 1 and 2 particle states. For m particles the conjecture takes the form
where the full index set is denoted by M = {1, 2, . . . , m}, and an index set I = {i 1 , . . . , i k } in the argument abbreviates the set of rapidities θ i1 , . . . , θ i k . The appearing densities ρ |I| (I) are defined to be the determinant
For I = M this is simply the density of the finite volume m-particle states. The quantity F α k is the generalization of the LM expansion for the connected form factor F α 2k,c :
Checks at polynomial order
The finite volume diagonal form factor at any polynomial order in the inverse of the volume can be obtained from (4.2) by neglecting the integral terms both in f and also in F . At this order
This asymptotic expression was conjectured in [34] based on form factor perturbation theory and later proved in [35] , moreover, it leads to the proof of the LM series, whose analytic continuation provided the exact conjecture (4.2). In the following we recover these asymptotic results from our fermionic expression (4.1). We proceed in the particle number.
1-particle case
We need to check the relation
, where e 1 represents one discrete particle with θ 1 and the function e v1 as (e θ1+ iπ 2 , e v1 ). Thus the first convolution in (3.2) explicitly reads as
where we evaluated it neglecting exponentially small terms. Clearly, each convolution in the discrete part introduces a polynomial suppression factor r −1 while in the continuous part an exponential one e −r . In order to obtain all polynomial volume corrections we need to sum up the iterated series in the discrete part e 1 * e −1 + e 1 * R dress,α * e −1 = e 1 * (1 
2-particle case
For two particles the form factor expression, neglecting exponential corrections, gives
(4.6)
In the fermionic formulation we consider only the discrete part, thus in the convolution e 1 represents i(e θ1 , e θ2 ), while e −1 is nothing but −i(e −θ1 , e −θ2 ). The kernel is a 2 × 2 matrix:
The convolution in the discrete part can be traded for ordinary matrix multiplication by introducing an extra matrix factor 2 (f ) ij = δ ij f ′ (θ j ). As a result we obtain
where exponential corrections are neglected, but all polynomial corrections are summed up. We have checked explicitly that this result (4.7) agrees with the form factor description (4.6).
m-particle case
Similar calculation can be repeated for the generic m-particle case. NowK α andf are m × m matrices with entries
leading to the analogous formula
. . .
Since higher than two-particle connected form factors are very complicated we did not check explicitly this result, although we have no doubts about its correctness. However, we would like to point out that substituting r = 0 in the formula provides a very compact and simple expression for the ratios of diagonal matrix elements. These are actually nothing but the symmetric evaluations of the form factors [34] . We believe that this observation could be used to find some nice parametrization of these form factors in the generic case.
Checks at the leading exponential order
We now check the leading exponential correction for the simplest 1-particle form factor
where we also need to expand ρ 1 (θ 1 ). In doing so we recall that
By differentiating the TBA equation wrt. to both θ 1 and θ we obtain linear integral equations with solutions
where the resolvent R dress satisfies the equation
Thus at the leading exponential order
This allows us to expand the denominator and keep only the leading exponential piece in order to compare with the formula coming from the fermionic description (4.1).
Evaluating the leading piece in the fermionic formula provides (4.4). To get the remaining terms we sum up the iterative terms. Keeping in mind that e 1 represents the discrete and the continuous parts (ie θ1 , e v1 ) the k th convolution gives
where we kept only terms with at most one continuous convolution. We need to sum the first line from k = 0, the second from k = 1 , while the last from k = 2 to infinity. Also there is one more convolution from (4.4). Let us recall that
with the solution given by (4.9). Expanding this formula up to the leading exponential order and plugging back to the expressions summed up agrees with (4.8). Let us emphasize that to obtain the leading exponential contribution we need to sum up infinitely many terms in the discrete parts. Thus the agreement found is a highly non-trivial test of our approach.
Small volume checks
For small volume we compare the ratios of the expectation values to the ratios of three-point functions in the Liouville conformal field theory in a cylindrical geometry shown on Figure 1 . The general three-point function in the CFT takes the form
where two different Virasoro modes are introduced. Both are related to the same energy momentum tensor, but expanded around different points. Let us introduce a complex coordinate on the cylinder as z = x + iy with y ≡ y + 2π. By expanding T (z) around the origin we can act and change the operator, which is inserted. This action is called the local action: For diagonal matrix elements, i.e. for expectation values, only even mode numbers are used to generate the quotient space, where the action of the conserved charges is factored out. By expanding T (z) at z → ±∞ we obtain the global action of the Virasoro algebra which can alter the initial and final states:
In order to relate the three-point function of the descendants (5.1) to that of the primary ∆|Φ α |∆ ≡ Φ α ∆ we use the cylinder conformal Ward identities:
In calculating (5.1) we follow the prescription of [36] : we first take k = i + j + r and send z 1 , . . . , z i to −∞, z i+1 , . . . , z i+j to 0, while z i+j+1 , . . . , z k to ∞. By picking up the coefficient of the appropriate power of e ±z at ∓∞ and z around 0 the three-point function (5.1) can be calculated.
In the following we first analyze non-degenerate L 0 subspaces, i.e. highest weight states and their first descendants, and then level 2 states.
Non-degenerate L 0 eigenspaces
We perform this analysis for the low lying operators and states with a non-degenerate L 0 . This includes the state |∆ and |∆ + 1 ≡ L −1 |∆ , thus from the table (2.7) we take all rows with L = 1, 2, 3, 4 and M = 0, 1,M = 0. The computation using Ward identities provides
where the central charge and the scaling dimensions of the operator and of the asymptotical state are
We also need the ratio of the three-point functions for the primary fields:
where γ(x) = Γ(x)/Γ(1 − x), and we used notations close to [30] in order to simplify comparison. Using the results of [32, 22] we can relate the fermionic basis to the low lying Virasoro descendants as
)
and the expectation values are taken in the finite volume eigenstate of the conserved charges. The appearing coefficients for descendants originate from the normalization of the fermionic operators
while for primaries they are essentially the ratio of two Lukyanov-Zamolodchikov one-point functions
For asymptotical states we consider either primary fields parametrized by the quantum number L or their first descendants. For the primary fields the formulae above are taken literally. For the descendants we have to use the formulae (5.3) carefully as, for instance,
In the Table 1 we compare the numerical values of Ω i,j obtained for 14) to their CFT limits.
3.85677 · 10 
3.79053 · 10 
3.68203 · 10 
3.53306 · 10 
Checks with degenerate L 0 spaces
Here we consider the simplest case of degeneracy: level 2. We work in the basis:
There are two eigenvectors of the local integrals of motion. Since I 1 = L 0 − c/24 does not distinguish between them we consider the next conserved charge:
This integral of motion is a 2 × 2 matrix in the basis above, with eigenvalues 17) and eigenvectors
For simplicity we consider L = 1. In table (2.7) we present two cases with L = 1, M = 2,M = 0: {1, 3}, {4}. We first identify which one corresponds to λ + and which one to λ − . In doing so we recall the general eigenvalue of the local integral of motion:
The normalized eigenvalueĨ n (r) = r n I n (R) should approach the CFT limit. For r = 10 −3 we obtained the following numerical results: which establishes the required correspondence.
For any local operator O we introduce a 2 × 2 matrix, which contains its matrix elements in the basis (5.15). We denote this matrix by
. We need the following two cases
with entries
We now rewrite the general formulae (5.7), (5.10) for the present case
We compute these quantities at the numerical values (5. Thus we see that our procedure works well in the case with degenerate L 0 , too. This completes the small volume check of our conjecture.
Conclusions
We conjectured compact expressions for the finite volume diagonal matrix elements of exponential operators and their descendants in the sinh-Gordon theory. By using the fermionic basis to create the descendant operators we could relate their finite volume expectation values to that of the primaries in terms of a determinant with entries, which satisfies a linear integral equation. Careful choice of the fermionic creation operators can relate the matrix elements of two different exponential operators allowing, in principle, they complete determination. The linear integral equation contains a measure, which is built up from the pseudo-energy of the excited state TBA equations and a kernel, which is a deformation of the TBA kernel. Excited states are characterized by the discrete rapidities of the particles and the continuous pseudo-energy and the two parts are connected by the TBA and BA equations. They both appear in the linear integral equations, which can be solved by iterations. The discrete part is responsible for the polynomial finite size corrections, while the continuous part for the exponentially small ones. We checked for low number of particles that summing up all the polynomial corrections the asymptotic diagonal finite volume form factors can be recovered. We also checked the leading exponential correction against Pozsgay's formula and found complete agreement. The integral equation can also be solved numerically. The small volume limit of the solution allows us to map multiparticle states to the spectrum of the Liouville conformal field theory and compare our conjecture to the CFT three-point functions providing ample evidence for its correctness.
In calculating the asymptotic expressions for the finite volume form factors we used a deformation of the TBA kernel, which is the logarithmic derivative of the scattering matrix. We believe that this alternative form for the connected and symmetric form factors can be used to find a compact and closed expression for them and we initiate a study into this direction.
It would be very nice to extend our exact finite volume results for non-diagonal form factors. These results then could be tested for large volumes against the leading exponential correction of form factors [37] .
Finally, the knowledge of all form factors could give rise to the determination of finite volume correlation functions relevant both in statistical and solid state physics.
It is an interesting question whether the very nice structure we obtained for the sinh-Gordon model extends to other integrable models such as O(N) models or the AdS/CFT correspondence.
